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A  Modified  Fabry-Perot  Interferometer  as  a 
Discrimination  Filter  and  a  Modulator 
for  Longitudinal  Modes 

Helmut  K.  V.  Lotsch 


Summary 


Kleinman  and  Klsliuk  [1]  have  proposed  a  symmetric  modified 
Fabry-Perot  interferometer  in  which,  by  providing  an  extra  reflect¬ 
ing  surface  outside  and  parallel  to  the  maser  plates,  certain 
longitudinal  Fabry-Perot  orders  become  more  lossy  than  others. 

By  that  is  meant  modes  with  lower  losses  oscillate  preferentially. 
In  this  paper  starting  from  [1]  an  unsymmetric  modified  inter¬ 
ferometer  is  investigated;  the  space  between  the  active  medium 
and  the  extra  reflecting  surface  is  assumed  to  be  filled  by  an 
arbitrary,  lossless  dielectric  medium.  When  the  ratio  of  this 
dielectric  constant  to  that  of  the  active  medium  is  modulated, 
the  analysis  shows  that  longitudinal  modes  are  modulated  in  their 
an5)lltude  and  frequency.  In  particular,  the  modulation  of  this 
ratio  about  the  value  1  appears  to  be  very  interesting,  since  the 
modes  with  the  lowest  losses,  e.g.,  for  ratios  larger  than  1, 
possess  the  largest  losses  for  ratios  smaller  than  1,  and  vice 
versa. 


1.  Introduction 


The  Fahry-Perot  interferometer  plays  a  significant  role  in  the 
development  of  devices,  such  as  the  maser,  which  operate  in  the  mil¬ 
limeter  through  optical  wavelength  range.  Schawlow  and  Townes  [2]  , 
Prokhorov  [3],  and  Dicke  [it-]  have  suggested  its  application  as  a 
resonator  for  the  infrared  and  optical  masers.  Maiman  [5]  and  Collins 
et  al  [6]  have  experimentally  demonstrated  the  feasibility  of  stimu¬ 
lated  radiation  in  ruby  using  a  Fabry -Perot  resonator. 

The  Fabry-Perot  resonator  has  to  be  considered  as  a  multimode 
resonant  cavity  [7]  and  [8]j  the  modes  may  be  specified  by  three  n\am- 
bers  as  in  microwave  techniques.  Fox  and  Li  [91  have  theoretically 
Investigated  a  resonant  cavity  with  parallel  mirrors;  Connes  [10], 

Fox  and  Li  [9]  and  Boyd  and  Gordon  [11]  and  [12]  a  resonant  cavity 
with  concave  mirrors.  E3Q)erimentally  a  fine  structure  which  is  d\ie  to 
various  orders  of  the  Fabry-Perot  resonator  [13]  has  been  seen  in  the 
output  of  both  the  gaseous  [l4]  to  [16]  and  the  ruby  [17]  and  [I8] 
optical  maser. 

Ultimately  the  usefulness  of  the  optical  maser  may  be  limited  by 
the  excitation  of  many  undesirable  modes.  Therefore  Kleinman  and 
Kisliuk  [1]  and  a  number  of  others  mentioned  in  [1]  have  proposed  that 
it  would  be  useful  to  discriminate  against  many  of  the  Fabry-Perot 
orders  which  can  occur  in  the  output,  by  increasing  their  losses  rela¬ 
tive  to  other  "preferred"  modes.  Kogelnik  and  Rigrod  [l4]  have  e^eri- 
mentally  separated  some  of  the  transversal  modes  and  Murtry  and 
Siegman  [19]  some  of  the  longitudinal  modes. 


2. 


2.  Modified  Interferometer  and  Its  Analysis 

Kleinman  and  Kisliixk.  [1]  have  proposed  that  another  reflecting 
surface  outside  and  parallel  to  the  maser  plates  with  a  short  and 
adjustable  separation  should  he  provided.  Taking  only  the  transmission 
losses  into  account  they  have  shown  that  certain  longitudinal  modes 
become  more  lossy  than  others,  and  that  in  this  case  the  extra  modes 
expected  due  to  the  increased  over-all  length  of  the  resonator  cavity 
are  negligible  because  they  are  very  lossy  compared  with  the 
"preferred"  modes.  As  already  mentioned  [1],  the  calculation  for  an 
unsymmetric  modified  interferometer  with  only  one  extra  reflecting 
surface  yields  similar  results;  but  they  failed  to  mention  that  in 
contrast  only  odd  modes  occur,  since  the  even  modes  are  prevented  by 
non-symmetry.  Therefore  the  unsymmetric  structure  of  Fig.  1  is  sub- 
seq\aently  investigated.  Unlike  [1]  the  region  between  the  maser  euid 
the  extra  reflecting  surface  is  filled  by  a  lossless  dielectric  medium 
with  an  arbitrary  and  possibly  time -dependent  dielectric  constant. 

The  problem  under  consideration  is  shown  schematically  in  Fig.  1 
It  is  convenient  for  the  following  analysis  to  consider  a  one-dimen¬ 
sional  structure .  The  region  0  ^  z  ^  a  is  occupied  by  a  medium  with 
the  real  relative  dielectric  constant  ^  1  and  real  conductivity 
;  the  region  a  ^  z  ^  b  by  a  lossless  (og  =  0)  medium  with  the 
real  relative  dielectric  constant  =  e^it)  .  However,  this  time- 
dependence  must  be  restricted  to  periods  much  longer  than  the  decre¬ 
ment  time  of  the  waves  within  the  cavity  resonator. 
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We  shall  now  consider  steady-state  solutions  of  the  electric  field 
in  which  time  enters  as  the  factor  e^^  .  According  to  [20;  §13.15(2)] 
and  [21;  IV.3(8a,b)]  the  propagation  constants  for  both  regions  are 
given  by 


k  =  0) 
V 


=  Vc 


-  u,  1/2  -  u, 

s  =  k  Je”  (1  -  i  — )  «  k  i/T/  -  i  - - 

1  V  V  1  '  e  m''  V  V  1  o„c 


(1) 


Reflection  losses  result  from  absorption  in  the  reflectors  and  from 
the  transmission  through  them.  At  optical  frequencies  a  multi-layered 
dielectric  reflector  [22]  can  have  a  99.5  percent  reflection  coeffi¬ 
cient.  Therefore  we  assiame  that  the  surface  at  z  =  0  is  perfectly 
reflecting.  We  only  take  into  accoiint  the  losses  due  to  imperfect 
reflection  and  transmission  at  the  surface  z  *  b  by  a  suitable  ref¬ 
lection  coefficient 


-2f 

e 


(2) 


Unlike  the  usual  definition  this  reflection  coefficient  for  the  electric 
field  is  unity  for  a  perfect  conductor,  l.e.,  a  totally  reflecting  sur¬ 
face;  the  negative  sign  is  already  accounted  for  in  the  solution  of  the 
wave  equation.  Fig.  1.  Its  phase  angle  is  immaterial  since  it  can  be 
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corrected  by  a  very  small  spatial  adjustment  of  the  reflecting  plane; 
it  has  been  assumed  zero.  For  these  boundary  conditions  the  electric 
field  is  indicated  in  Fig.  1.  Perfect  reflection  at  the  surface  z  =  0 
is  not  an  essential  restriction,  as  shown  in  the  Appendix.  These  ref¬ 
lection  losses  have  only  to  be  small  so  that  the  odd  solution  clearly 
dominates.  Thus  we  neglect  possible  coupling  effects,  as  known  in 
microwave  techniques. 

It  is  convenient  for  the  later  derivation  to  define  now 


T  =  tanh  f  = 


1  -  r. 


1  +  r^ 


(3) 


The  reflectivity  of  the  surface  at  z  =  a  is  given  according  to  [20; 
§13.16]  or  [21;  IV, 2],  neglecting  the  small  conductivity 


A  physical  discussion  of  (3)  and  (4)  indicates  that  there  are  no  res¬ 
trictions  on  the  reflectivities  of  the  surfaces  at  z  =  a  and  b  . 

The  electric  and  magnetic  fields  have  to  be  continuous  across  the 
plane  z  =  a  .  It  follows  from  Maxwell's  second  eqxiation  that  the  con¬ 
dition  on  the  magnetic  field  can  be  expressed  by  the  continuity  of  the 
first  derivative  of  the  electric  field.  Thus,  we  obtain  the  relation 


kg  tan(k^a)  =  -  k^  tan[k2(b-a)  -  if] 


(5) 
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which  gives,  in  general,  complex  eigenvalues  for  the  angular  frequency 
(u  .  However,  considering  the  physical  situation  we  require  that  o) 
be  real  and  allow  to  assume  an  appropriate  negative  value.  The 

negative  value  of  corresponds  to  supplying  sufficient  gain  to 

maintain  a  steady-state  oscillation  at  this  freqiiency  (co/2jt)  euid 
describes  simultaneously  the  losses  of  the  mode  in  question. 

Similar  to  [1,(8)]  we  choose  the  dimensions  so  that 


n(b  -  a) 


(6) 


where  m  and  n  are  positive  Integers;  l.e.,  m  ^  1  and  n  »  1  . 
With  this  definition  we  can  write 


kgCb  -  a)  =  mit  +  ^  cp 


=  nn  +  cp  . 


k_a 
2  V  € 


(7a) 

(7b) 


The  conductivity  to  be  determined  is  contained  In  the  parameter 


K  =  tanh  (a^a/2c€^^/l^) 


(8) 


We  obtain  by  substituting  (7)  into  (5)  and  simultaneously  consider¬ 
ing  the  definition  (3)  and  (8)  for  the  real  part 


tem  9  =  -  (tan  —  9)  - 


(9) 


1+ \r^j/^2 
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and  for  the  imaginary  part 

\le  /e  -  tan  cp  tan  —  cp 

K  =-T  — - 2 -  (10) 

1  -  \J  €^/  tan  cp  tan  ^  cp 

if  we  take  the  ratio  according  to  (l)  approximately 

\J  e^/ Cg  .  With  this  assun^jtlon  we  consider  cr^  to  be  small  and  thus 
K  according  to  (8)  small,  too.  Therefore,  since  T  ^  1  according  to 
(3)  we  obtain  for  (9)  the  approximation  by  neglecting  the  prodiict  kT 

tan  cp  =  -  \l  €^/  tan  ^  cp  ,  (11) 


Indeed,  by  this  approximation  we  neglect  the  small  but  finite  value, 
determined  by  T,  of  the  mode  in  qiiestlon  at  the  surface  z  =  b  . 
Therefore  the  roots  of  (11)  appear  to  belong  to  perfectly  conducting  sur¬ 
faces  both  at  z  =  0  and  z  =  b  .  When  tan  cp  is  eliminated  between 
(lO)  and  (11)  we  obtain  approximately 


(12) 


But  when  the  above  assumption  is  not  valid,  or  we  are  looking  for  a  better 
approximation,  we  have  to  eliminate  tan  cp  between  (9)  and  (lO)  which 
leads  to  a  quadratic  equation  for  k  . 

K  is  a  function  of  and  .  When  we  remove  the  discontinu¬ 
ity  at  z  =  a  ,  l.e.,  =  ^2  '  reduces  to  the  physically  e^cpected 
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relation  k  =  -T  ,  since  we  have  taken  into  account  only  the  losses  of 

the  reflecting  surface  at  z  =  b  .  k  depends  upon  tp  through 
2 

tan  (m/n)cp  .  The  smallest  values  belong  to  the  "preferred"  modes  having 

the  lowest  losses.  (12)  yields  for  the  two  principal  roots  of  (ll) 

2 

tan  (m/n)cp  equal  infinite  and  zero,  l.e.,  q)  =  nrt/2m  and  cp  =  0  , 
respectively. 


For  the  "original"  interferometer  having  no  surface  at  z  =  b  we  have 
to  put  T  =  1  according  to  (3)  and  the  lowest  losses  are  determined  by 
the  square  root  of  the  ratio  van¬ 

ishes  in  the  limit  -►  oo>  i.e.,  total  reflection  at  the  discontinuity 
z  =  a  according  to  (4),  since  we  approximately  neglected  all  the  differ¬ 
ent  losses  besides  the  losses  in  the  plane  z  =  b  . 

We  obtain  the  leirgest  values  by  considerations  slmlleu:  to  those 
leading  to  (13)- 


(l4a) 


\<  \  (I4b) 
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At  first  view  the  expression  (l^t)  for  the  case  seems  somewhat 

strange,  when  considering  the  limit  -*■  ®  •  But  in  the  following 
chapter  it  will  be  shown  that  this  result  is  completely  consistent 
with  the  physical  situation,  since  the  special  mode  in  qxiestion 
cp  =  (njt/2m)  would  possess  a  finite  value  at  the  "perfectly  conducting" 

( -*•  oo )  surface  z  =  a  . 

We  define  now  the  discrimination  ratio 


^  =  •'/'^mln 


(15) 


and  obtain  with  (12)  and  (13) 


2  m 

€  1  +  tan  —  cp 

R  =  _1  _ 

®2  ^1  ^  2  m  ^ 

1  +  —  tan  -  q) 
£2  n 


and 


R  = 


2  m 

1  +  tan  —  cp 
_ n 

1  +  -i  tan^  —  qj 
€2  n 


^1>^2 


'l<  ^2 


(16) 


When  we  remove  the  discontinuity  at  z  =  a  ,  i.e.  ~  ^2  ^a~ 

according  to  (4),  the  discrimination  ratio  yields  clearly  one.  Its 
maximum  values  are  ( ^1  ^  ^2  ^1^  ^2 

respectively. 
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The  relative  "Q"  of  the  mode  In  question  is  given  by  the  relation 


"Q"  =  1/R 


(17) 


and  with  (16) 


■Q"  =  — 


1  +  tan^  -  cp 

^2  2 


1  ,  4.  2  m 

1  +  tan  -  ffi 
n 


®i>  €3 


and 


(18) 


•q"  = 


T  ,  2m 

1  +  —  tan  -  cp 


,  ,2m 

1  +  tan  jj  cp 


^2 


/lO 
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3»  Discussion 

The  resiilts  of  the  theoretical  analysis  are  best  discussed  with 

the  aid  of  various  examples;  the  different  values  are  given  in  Table  I. 

The  calculated  reflection  coefficients  r^  and  r^  according  to  (4) 

and  (3)  are  summarized  in  Table  II,  together  with  the  smallest  values 

K  for  the  losses  according  to  (13). 
nln 

Fig.  2  represents  the  graphical  solutions of  (ll)  for  the  various 
cases  and  the  roots  are  marked  by  small  circles.  The  relative  "Q"  is 
calculated  with  these  valiaes  from  (16)  and  the  results  are  summarized 
in  Fig.  3j  the  length  of  the  different  lines  is  proportional  to  the 
relative  "Q" .  This  mode  spectrum  is  periodic  with  (n/m)rt  and  Fig.  2 
is  drawn  for  the  roots  determining  the  modes  of  smallest  order. 

When  in  Fig.  1  the  complete  structure  is  mirrored  on  the  line 
z  =  0  ,  thiis  region  I  is  extended  from  z  =  -a  to  z  =  +a  ,  and  the 
extra  reflecting  surfaces  eire  at  z  =  ±  b ,  then  we  obtain  the  symmetric 
structure  as  investigated  in  [1]  .  In  this  case  even  modes  also  occur. 
They  alternate  with  the  odd  modes  so  that  we  obtain  about  twice  as  many 
longitudinal  modes  with  about  half  the  separation  for  a  symmetric  struc- 
tvire. 

It  is  convenient  to  discuss  the  three  different  cases  of  the 
ratio  ^  separately; 
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a)  =  ^2  ^  (example  D) 

The  discontinuity  at  z  =  a  is  removed,  =  0  ,  and  all  possible 
longitudinal  modes  possess  the  same  relative  ”Q"  .  The  first  six 
principal  orders  are  sketched  in  Fig.  U  for  the  chosen  ratio  (m/n)  =(l/5). 
Both  terminal  pletnes  at  z  =  0  and  z  =  b  are  considered  as  perfectly 
reflecting  becaxise  of  the  approximation  leading  to  (ll). 

(6)  represents  a  function  of  the  quantities  a,  b,  m  and  n  . 

In  our  "academic"  exan^iles  we  fixed  the  ratio  m/n  for  convenience,  so 
that  only  a  or  b  is  freely  eligible.  In  Fig.  4  we  have  drawn  the 
principal  orders  for  an  equally  given  distance  b  .  With  the  corres¬ 
pondent  cp- values  according  to  (ll)  or  from  Fig.  2.  The  quantity  a 
has  been  determined  from  (7).  For  the  present  case  the  plane  z  =  a 
possesses  no  significant  meaning.  But  we  conclude  from  Fig.  k  that  in 
the  "Imagined"  plane,  z  =  a  to  each  value  of  field  strength,  at  least 
one  order  can  be  associated.  Therefore  in  a  practical  case  in  which  a 
and  b  have  to  be  considered  as  fixed,  n  and  9  are  determined  from 
(7b)  and  with  them  m  from  (7a)  for  each  field  strength  in  question  in 
the  plane  z  =  a  .  ThTis  the  mentioned  character  of  a  multimode  resonator 
becomes  quite  obvious. 

P)  (examples  A,B  and  C) 

We  see  from  Fig.  3  that  with  Increasing  ratio  orders 

(Pc^(<P^  +  5Jt)>  (<P^  +  t  dominate,  while  the  relative  "Q"  of  the 
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other  orders  decreases  more  or  less,  in  particular  of  the  order  cp^  , 
(9^  +  5k),  (9^  +  lOjt) ,  *•*  .  Comparing  the  different  principal  orders 
of  Fig.  4  ve  recognize  that  the  mode  9^  has  a  maximum  in  the  plane 
z  =  a  ,  while  the  mode  9^  has  a  node.  In  order  to  explain  this 
phenomenon  physically,  we  construct  a  "Gedanken -Experiment" .  We 
think  of  the  region  0  ^  z  6  a  as  filled  by  a  medixom  with  the  reduced 
dielectric  constant  e*  =  (^2/^2^  *  small  conductivity  being  neg¬ 
lected.  The  region  a  ^  z  ^  b  shall  be  described  correspondingly 
with  €|  =  1  .  In  our  "Gedanken-Experiment"  this  second  region  can 
be  considered  as  a  selective  receiver,  in  particular  for  9^  and  9^ 
according  to  Fig.  4,  the  resonant  condition  of  which  is  not  influenced 
by  a  change  of  €*  .  When  an  electric  wave  coming  from  the  left  side 
hits  the  discontinuity  at  z  =  a  ,  it  is  partially  reflected  in  phase. 
Therefore  those  modes  having  an  even  character  with  respect  to  the 
plane  z  =  a  are  preferred,  while  the  odd  modes  are  less  likely  to  be 
excited  as  shown  by  a  decreasing  "Q"  with  increasing  e*  .  In  the 
limit  €*  -►  00  ,  i.e.,  €  -►  0  ,  only  these  orders  9  ,  (9  +  5jt)  , 

(9^  4  lOrt)  ,  *'•  ,  can  be  excited,  being  completely  consistent  with 
(12)  to  (l4)  .  All  those  orders  9^,  9^,  9^,  9^  having  in  the  plane 
z  =  a  a  value  of  field  strength  between  zero  and  mayiimim  depend  upon 
a  change  of  €*  .  Because  of  the  in  phase  reflection  at  the  discon- 
tiniaity  z  =  a  ,  the  slope  of  the  mode  across  this  plane  decreases. 
Thus  the  frequency  of  the  order  in  question  decreases  conpared  with 
that  for  the  case  €*  =  1  . 
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r)  <  ^2  '  ^  examples  E  and  F) 

We  see  from  Fig.  3  that  with  a  decreasing  ratio  ^3^/ *^2  orders 

q)f^  (cpf  +  (cp^.  +  lOrt),  *••  ,  dominate,  while  the  relative  "Q"  of  the 

other  orders  decreases  more  or  less,  in  particular  the  orders  cp^, 

(<p^  +  5rt),  (cp^  +  lOjt)  ...  .  From  Fig.  4  we  know  that  in  the  pleine 
z  =  a  ,  cp  possesses  its  node  and  cp  its  extreme  value.  Applying 
again  our  "Gedanken-Experiment"  we  find  that  an  electric  wave  traveling 
from  the  left  side  toward  the  discontinxiity  at  z  =  a  hecomes  reflected 
with  opposite  phase.  Therefore  these  modes  are  preferred  having  an  odd 
character  with  respect  to  the  plane  z  =  a  ,  while  now  the  "Q"  of  the 
even  ones  decreases  with  decreasing  .  In  the  limits  e.^  00  ,  we 

can  consider  the  dlscontiniilty  as  a  perfectly  conducting  plane.  There¬ 
fore,  each  mode,  having  a  finite  field  strength  in  the  plane  z  =  a 
requires  an  Infinite  amount  of  power,  i.e.  it  cannot  be  excited.  This 
result  is  again  con^Jletely  consistent  with  (12)  to  (iV).  Thus  in  this 
limit  only  orders  cp^,  (cp^  +  5k)>  +  10*)  /  are  possible,  the 

excitation  of  which  requires,  because  of  the  total  reflection,  a  vanishingly 
small  amniint  of  power,  (13)^  according  to  the  assumptions.  All  the  other 
orders  depend  upon  a  change  of  €*  in  this  case  too.  Now  the  slope 
across  the  plane  z  =  a  increases  because  of  the  reflection  with  oppo¬ 
site  phase  and  thus  the  frequency  of  the  mode  in  question  Increases  too. 


4.  Conclusion 
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The  preceding  one-dimensional  analysis  is  based  on  the  solution 
of  the  wave  eqixation,  where  a  negative  conductivity  is  used  to  repre¬ 
sent  the  active  maser.  A  negative  value  of  corresponds  to 

supplying  sufficient  gain  to  maintain  a  steady-state  oscillation  of 
the  mode  in  question.  When  this  assuii5>tlon  and  the  related  approxi¬ 
mations  are  valid,  we  obtain  several  quite  interesting  properties  of 
the  modified  Fabry-Perot  interferometer  under  consideration.  The 
purpose  of  the  extra  surface  is  to  provide  discrimination  between  the 
longitudinal  Fabry-Perot  orders  of  the  original  maser  by  making  some 
orders  very  lossy  con^jared  to  other  orders.  This  phenomenon  is  best 
illustrated  by  the  various  exaii5)les,  Fig.  3*  The  anqplltudes  of  the 
different  modes  depend  upon  the  ratio  •  Therefore  by  changing 

or  modulating  this  ratio,  the  modes  are  changed  or  modulated  in  their 
eunplitudes.  Because  the  dielectric  constants  are  determining  factors 
for  the  frequency  of  the  modes,  we  find  that  the  freely  oscillating 
modes  are  additionally  modulated  in  their  eigenf requency .  If  the 
ratio  ^-^^2  modulated  about  the  value  1  ,  we  see  from  Fig.  3 
that  for  a  value  larger  than  1  the  orders  cp^  ,  etc.  are  preferred  and 
for  a  valxie  smaller  than  1  the  orders  cp^  ,  etc.  l.e.,  the  selection 
of  the  "preferred"  modes  is  modulated.  But  since  the  "preferred"  modes 
in  one  case  are  Identical  to  the  modes  with  largest  losses  in  the  other 
case,  this  modulation  of  the  "selection"  seems  to  be  very  effective.  --It 
is  not  essential  for  to  be  zero,  it  can  have  a  small  but  finite  value. 

In  this  case  a  modulation  of  Og  wuld  lead  to  slmllEu:  effects  but 
would  cause  Increased  losses. 
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While  this  analysis  eiEi)hasizes  the  mode  selectivity  features 
of  an  oscillating  laser  device,  it  is  also  clear  that  they  apply  to 
a  passive  modified  interferometer  or  a  laser  device  operating  below 
threshold,  e.g.  to  control  the  gain  of  an  an^jlifier. 

The  derivation  reveals  that  the  ratio  ^^7^2  represents  the 
determining  parameter,  therefore  it  is  indeed  immaterial  whether 
or  is  changed.  However,  this  fact  indicates  also  that  a  possible 

modulation  of  originated  by  an  a.c.  pumping  will  cause  an  inter¬ 

ference  in  the  output. 

Fig.  3  reveals  that  the  separation  of  the  longitudinal  modes  is 
a  function  of  the  ratio  prove  an  interesting  pheno¬ 

menon  for  longitudinal  mode  separation. 

If  these  theoretical  results  can  be  verified  experimentally, 
e.g.,  by  a  photo-mixing  experiment,  this  described  modified  Fabry-Perot 
interferometer  is  an  interesting  tool  to  apply  to  optical  masers  and 
their  basic  research. 

When  con?)aring  this  work  with  Klelnman's  and  Kisliuk's  papers  [1] 
it  must  be  kept  in  mind  that  in  contrast  their  analysis  is  based  upon 
the  magnetic  field,  even  though  they  did  not  en^haslze  it. 

Acknowledgement 

The  author  acknowledges  with  thanks  the  helpful  disciasslons  with 
Professor  N.  George,  Professor  W.  R.  Smythe,  Mr.  K.  S.  H.  Lee,  and 
Mr.  A.  G.  Lieberman.  In  particular  he  would  like  to  express  his  grate¬ 
ful  appreciation  to  the  German  Academic  Exchange  Service,  Bonn,  Germany 
which  has  enabled  these  studies  by  awarding  him  a  NATO  Fellowship. 


16. 


Appendix 

When  the  surface  at  z  =  0  Is  not  perfectly  reflecting,  but  the 
reflection  coefficient 


r  =  e 
o 


■2g 


(19) 


is  small  so  that  the  odd  solution  vd.ll  still  clearly  dominate,  then  we 
obtain  the  starting  eqviation  indicated  in  Fig.  5*  The  continuity  of  the 
electric  and  magnetic  field  at  z  =  a  gives  the  condition 


kg  tan(k^a  -  ig)  =  -  k^tan[k2(b  -a)  -  if]  .  (20) 


With  the  definition 


1  -  r 

G  =  tanh  g  =  - ^ 

l^^o 


we  obtain  for  the  real  part 

tan  (p  =  -  (tan  —  9)  - 


and  for  the  imaginary  part 


(21) 


(22) 


\fTJT~  -  tan  cp  tan  —  cp  +  ^  (1  -  \J  €  /e  tan  cp  tan  —  qp) 
n,’12  nT  *12  n 

1  -  \J  n  +  C}T(  \/  €^/  Cg  -  tan  cp  tan  ^  <p) 

(23) 

These  equations  reduce  to  the  correspondent  eqviations  (9)  and  (lO)  in 
the  limit  G-*0,i.e.  g-»0.  Therefore  in  the  first  approximation 

we  can  neglect  the  inflvience  of  a  slightly  not  perfectly  reflecting 
surface  at  z  =  0  ,  since  the  losses  are  supposed  to  be  very  small. 
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Table  I  -  Niiinerical  Values  of  the  Varioiis  Exan^jles  A  to  F 


A 

B 

C 

D 

E 

F 

y*!  ■  VV'a 

10 

5 

2 

1 

0.5 

0.1 

T 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 

m/n 

1/5 

1/5 

1/5 

1/5 

1/5 

1/5 

Table  II  -  Calculated  reflection  coefficients  r  and  ,  and  minimiim 
-  a  b  ' 

values  K  .  representing  the  losses  of  the  mode  in  question 
min 


A 

B 

C 

D 

E 

F 

r 

a 

0.82 

0.667 

0.334 

0 

-0.334 

-0.82 

^b 

0.96 

0.96 

0.96 

0.96 

0.96 

0.96 

min  j 

0.002 

0.004 

0.01 

0.02 

0.01 

0.002 

Figure  Titles 

Fig.  1.  Schematic  representation  of  the  unsymmetrlc  modified  interfero¬ 
meter  under  consideration.  The  constant  A  does  not  enter  into 
the  derivation. 

Fig.  2.  Graphic  solutions  of  (11)  for  the  different  exaii5)les  A  to  F  . 

The  qp-scale  is  indicated  for  the  first  period  determining  the 
principal  modes  of  smallest  order. 

Fig.  3*  A  period  of  the  calculated  mode  spectrum  for  the  different 

examples  A  to  F  .  The  length  of  each  line  is  proportio..al 
to  "Q"  of  the  mode  in  question,  and  the  numbers  are  the  approxi¬ 
mate  qp- values  for  the  principal  modes. 

Fig.  4.  The  principal  modes  of  smallest  order  Indicated  for  a  modified 
interferometer  having  the  fixed  ratio  (m/n)  =  (l/5)  • 

Fig.  5*  Schematic  representation  of  the  unsymmetrlc,  modified  interfero¬ 
meter  having  a  not  perfectly  reflecting  surface  at  z  =  0  .  The 
constant  A  does  not  enter  into  the  derivation. 
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